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Abstract
The nth Bell number Bn is the number of ways to partition a set of n elements into nonempty sub-
sets. We generalize the “trace formula” of Barsky and Benzaghou [1], which asserts that for an odd
prime p and an appropriate constant p , the relation Bn=−Tr(ϑn−1−p )Bp holds in Fp , where ϑ is
a root of g˜(x)=xp−x−1 and Tr : Fp[ϑ] −→ Fp is the trace form.We deduce some new interesting
congruences for the Bell numbers, generalizing miscellaneous well-known results including those of
Radoux [4].
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1. Generating function
LetA be any integral domain containingZ. As in [2], we consider the linear operator :
A[x] −→A[x]whichmaps the Pochhammer polynomial (x)n=x(x−1) · · · (x−(n−1))
on xn and we deﬁne the Bell polynomials Bn(x)=(xn). With the Stirling numbers of the
second kind, we have
Bn(x)=
{n
0
}
+
{n
1
}
x1 +
{n
2
}
x2 + · · · +
{n
n
}
xn
 Research supported by the Swiss National Science Foundation.
0723-0869/$ - see front matter 2005 Elsevier GmbH. All rights reserved.
doi:10.1016/j.exmath.2005.01.015
72 A. Junod / Expo. Math. 23 (2005) 71–79
and theBell numbers are simplyBn=Bn(1)=[(xn)]x=1. The ordinary generating function
for Bell polynomials is given by
F(x, z) :=
∑
n0
Bn(x)z
n = 1+ 

xz∑
n0
(xz)n


.
The relation x((x)n)=xn+1=((x)n+1)=(x(x−1)n) holds for every integer n and
by linearity, we deduce that (xf (x))= x(f (x + 1)) for any polynomial f (x) ∈A[x].
Using this fact, we get
F(x, z)= 1+ xz 

∑
n0
((x + 1)z)n

= 1+ xz ( 1
1− z− xz
)
and therefore
F(x, z)= 1+ xz
1− z 
(
1
1− xz/(1− z)
)
= 1+ xz
1− z 

∑
n0
(
xz
1− z
)n
.
We can summarize this with the relation
F(x, z)= 1+ x · h(z)F (x, h(z)),
where h(z)= z/(1− z) is the Möbius transformation associated to the matrix
(
1 0
−1 1
)
.
The compositions of h(z) are h◦k(z)= z/(1− kz) and for any integer m, we have
F(x, z)=
m−1∑
k=0
xkh(z)h◦2(z) · · ·h◦k(z)+ xmh(z)h◦2(z) · · ·h◦m(z)F (x, h◦m(z)).
Since h◦m(z) ≡ zmodmZ[[z]], we get (modulo mZ[x][[z]])
F(x, z) ≡
m−1∑
k=0
xm−1−kh(z)h◦2(z) · · ·h◦(m−1−k)(z)
+ xmh(z)h◦2(z) · · ·h◦(m−1)(z)zF (x, z),
hence (1− z)(1− 2z) · · · (1− (m− 1)z)F (x, z) is congruent (modulo mZ[x][[z]]) to
m−1∑
k=0
[(xz)m−1−k(1+ kz)(1+ (k − 1)z) · · · (1+ z)] + (xz)mF(x, z).
Given a prime p, we can imbed the situation in the p-adic ringZp and the above congruence
is still valid modulomZp[x][[z]]. The particular case whenm is divisible by p, saym=np,
is interesting: in [2], we proved that (x)np ≡ (xp − x)nmod (np/2)Zp[x], and taking
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the reciprocal polynomials, we get the equivalent congruence
(1− z)(1− 2z) · · · (1− (np − 1)z) ≡ (1− zp−1)n modulo (np/2)Zp[z].
This leads to the following
Theorem 1. Modulo (np/2)Zp[x][[z]], the ordinary generating function F(x, z) satisﬁes
((1− zp−1)n − (xz)np)F (x, z) ≡
np−1∑
k=0
(xz)np−1−k(1+ z)(1+ 2z) · · · (1+ kz).
2. An intermediate result
We ﬁrst recall a basic result proved in [2]:
Proposition 2. Weconsider aprimenumber p, somepositive integersm, nand twoelements
, in a commutative ring A containing Zp. If ordp(m)1 and  ≡ modmA, then
n ≡ nmodmnA.
Let us suppose from now on that p = 2 is an odd prime. The theorem is valid modulo
npZp[x][[z]] and for any integer a ∈ Z not divisible by p, hence invertible in Zp, we get
F(a, z) ≡ 1
ga,n(z)
np−1∑
k=0
znp−1
(
1
z
+1
)(
1
z
+2
)
· · ·
(
1
z
+k
)
anp−1−k mod npZp[[z]]
with ga,n(z)= (1− zp−1)n − anpznp. This congruence becomes an equality in the ring
Zp[[z]]/npZp[[z]]Anp[[z]] where Anp = Zp/npZpZ/p+1Z if ordp(n)= .
It is more convenient to work with the reciprocal polynomial g˜a,n(z) of ga,n(z).
Lemma. Let us choose in Cp a root ϑ of g˜1,1(z) = zp − z − 1. Then the polynomial
g˜a,n(z)= znpga,n(1/z)= (zp − z)n − anp has np distinct roots in the ringA∗np =Anp[ϑ].
Proof. The elements aϑ, aϑ + 1, . . . , aϑ + (np − 1) are distinct in Zp[ϑ] and remain
distinct modulo npZp[ϑ]: the intersection npZp[ϑ] ∩ {1, 2, . . . , np− 1} is empty because
a relation np(a0+ a1ϑ+ · · · + ap−1ϑp−1)= i ∈ Zp would imply a1= · · · = ap−1= 0 and
i = npa0. Moreover, thanks to the above proposition, we have
g˜a,n(aϑ+ k)= [(aϑ+ k)p − (aϑ+ k)]n − anp
≡ [(aϑp + k)− (aϑ+ k)]n − an = 0
then the proposed elements are all roots of g˜a,n(z) inA∗np =Anp[ϑ]. 
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InA∗np[[z]], we get the decomposition
F(a, z)=
∑
g˜a,n()=0
a,n()
z− 1 with a,n()= limz−→−1(z− 1)F (a, z).
These coefﬁcients can be expressed (inA∗np)
a,n()=

g′a,n(
−1)
np−1∑
k=0
1−np(+ 1)(+ 2) · · · (+ k)anp−1−k ,
but as (a−1)np=(1−1−p)n and g′a,n(−1)=n(1−1−p)n−12−p for all roots of g˜a,n(z),
it follows:
a,n()=
p−1 − 1
n
np−1∑
k=0
(+ 1)(+ 2) · · · (+ k)a−1−k .
We can then write (inA∗np)
Bm(a)= lim
z−→0
F (m)(a, z)
m! = −
∑
g˜a,n()=0
ma,n(),
Bm(a)=−
∑
g˜a,n()=0
m
p−1 − 1
n
np−1∑
k=0
(+ 1)(+ 2) · · · (+ k)a−1−k .
Remarking that every root of g˜a,n(z) (in A∗np) can be written a where  is a root of
g˜1,n(z)= (zp − z)n − 1, we ﬁnally get the following result.
Theorem 3. For every p-adic unit a ∈ Z, we have (in Zp[ϑ]/npZp[ϑ])
Bm(a)=−
∑
(a)m
(a)p−1 − 1
n
np−1∑
k=0
(+ a−1)(+ 2a−1) · · · (+ ka−1),
the ﬁrst sum concerning all roots  of the polynomial g˜n(z)= g˜1,n(z)= (zp − z)n − 1.
Remark. InA∗np, every root of g˜n(z) = (zp − z)n − 1 satisﬁes np
 = ( + )n for any
integer 1. Indeed these roots are ϑ, ϑ + 1,…,ϑ + np − 1 where ϑ is a chosen root of
g˜1(z)= zp − z− 1, and Proposition 2 shows that
(ϑ+ l)np ≡ (ϑp + l)np−1 = (ϑ+ (l + 1))np−1 mod npZp[ϑ].
By iteration, we get (ϑ+ l)np ≡ (ϑ+ (l + ))nmod npZp[ϑ] as expected.
Consequence 1. For every root of g˜n(z) and any integer 1,we have (inA∗np) the identity
(a)np
 = (a(+ ))n =
n∑
k=0
(
n
k
)
(a)n−k(a)k
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and the theorem implies
Bm+np(a) ≡
n∑
k=0
(
n
k
)
(a)n−kBm+k(a)mod npZp[ϑ].
As the two terms are integers (for a ∈ Z), this congruence is valid modulo npZp.
Consequence 2. With the fact that (x)p ≡ xp−xmodpZ[x], Proposition 2 and the above
remark, we see that every root  of g˜n(z)= (zp − z)n − 1 satisﬁes (inA∗np)
1= (p − )n = (()p)n = ((+ 1) · · · (+ p − 1))n
= ( · p · · · pp−1)n = np ,
where p = 1+ p+ p2 + · · · + pp−1 = (pp − 1)/(p− 1). As anp ≡ anmod npZp, the
theorem gives Bm+np (a) ≡ anBm(a) modulo npZp[ϑ] or npZp (for a ∈ Z\pZ).
These two corollaries are particular cases of some results proved in [2].
3. The “Generalized Trace Formula”
We consider now n = 1 and choose a root ϑ of g˜1(z) = zp − z − 1. Then we have
A=Z/pZ= Fp andA∗p = Fp[ϑ]Fp[z]/(zp − z− 1) is a Galois extension of degree p
whose Galois group, isomorphic to the cyclic group Z/pZ, is generated by the Frobenius
automorphism Fp[ϑ] −→ Fp[ϑ],  −→ p. Considering a unit a ∈ Fp, the principal
theorem asserts that in Fp[ϑ], we have
amBm(a
−1)=−
∑
p=+1
m−1
p−1∑
k=0
(+ a)(+ 2a) · · · (+ ka)
and the previous remark shows that
amBm(a
−1)=−
∑
p=+1
m−1
p−1∑
k=0
1+p
a+p2a+···+pka
.
The exponant of  in the second sum is 1+pa+p2a+· · ·+pka= p(k+1)a−1
pa−1 and as 
p =1
in Fp, only the congruence class modulo p is interesting. We need the following fact:
Proposition 4. If n1 is invertible modulo p, then pn − 1 is invertible modulo p and its
inverse has the p-adic expansion
0 + 1p + 2p2 + · · · + p−1pp−1
where k ∈ {0, 1, . . . , p − 1} satisﬁes nk ≡ k + 1modp (in particular p−1 = 0).
Proof. Since (p−1)p=pp−1, it is sufﬁcient to consider nmodulo p and hence suppose
that 1np − 1. The cyclotomic polynomial (x) = 1 + x + x2 + · · · + xp−1 is the
76 A. Junod / Expo. Math. 23 (2005) 71–79
minimal polynomial of each of its roots (which are the primitive pth roots of unity). Hence,
it has no common root with the polynomial xn − 1 and both are relatively prime in Z[x].
By Bézout’s theorem, we conclude that (p) and pn − 1 are relatively prime in Z and
that pn − 1 is invertible modulo p. In order to ﬁnd its inverse, let us consider now the
polynomial
(x)= ′(x)= 1+2x+3x2+ · · · +(p−1)xp−2=
(
xp−1
x−1
)′
= px
p−1−(x)
x−1 .
Modulo pp − 1, we have the congruences pnp ≡ 1 and
(pn)= 1+ pn + p2n + · · · + p(p−1)n ≡ 1+ p + p2 + · · · + pp−1 = p
from which we deduce
pn−1(pn)(pn−1)=pn−1(p · pn(p−1)−(pn))=pnp − pn−1(pn)≡1modp.
Modulo p, the inverse of pn − 1 is then
pn−1(pn)= pn−1 + 2p2n−1 + 3p3n−1 + · · · + (p − 1)p(p−1)n−1
and the p-adic expansion follows by a comparison of the coefﬁcients. 
Let p(a) be the inverse of pa − 1 modulo p. Then the above results show that (in
Fp[ϑ])
amBm(a
−1)= −
∑
g˜()=0
m−1−p(a)
p−1∑
k=0
p(a)p
(k+1)a
= −
∑
g˜()=0
m−1−p(a)
p−1∑
k=0
(+ (k + 1)a)p(a).
The second sum
∑
( + (k + 1)a)p(a) is independent of the considered root  because
it is
∑
g˜()=0
p(a) = Tr(ϑp(a)) where Tr : Fp[ϑ] −→ Fp is the trace form deﬁned by
Tr()= + p + · · · + pp−1 . In fact, we have Tr(ϑp(a))= ap(p−1)/2Tr(ϑp(1)) because
the p-adic expansion of p(a) (from Proposition 4) gives
p(a) = (+ a − 1)(+ 2a − 1)2 · · · (+ (p − 2)a − 1)p−1
and using ˜= a−1(− 1)+ 1, an other root of g˜(x), we get
p(a) = ap(p−1)/2 ˜(˜+ 1)2 · · · (˜+ p − 2)p−1 = ap(p−1)/2 ˜p(1).
Hence the relation amBm(a−1) = −ap(p−1)/2Tr(ϑm−1−p(a))Tr(ϑp(1)) holds in Fp. For
example, with a = 1 and m = p(1), this gives Bp(1) = Tr(ϑp(1)) and using the fact that
ap(1) = a1+2+···+(p−1) = ap(p−1)/2 in Fp, we get the following statement:
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Theorem 5. Let p = 2 be an odd prime, ϑ a root of g˜(x)=xp−x−1, a ∈ Fp an invertible
element and p(a) the inverse of pa − 1 modulo p. Then in Fp, we have
amBm(a
−1)=−Tr(ϑm−1−p(a))ap(1)Bp(1).
In particular, we get ap(a)Bp(a)(a−1)= ap(1)Bp(1) and as ap(a)= ap(1)= ap(p−1)/2
(in Fp), we deduce that Bp(a)(a−1)=Bp(1) is independent of the unit a ∈ Fp. In fact, this
value (in Fp) is well known [4,3]:
Bp(1) = (−1)(p−1)/2 det(Bi+j )0 i,jp−1 = (−1)(p−1)/2
(
(−1)(p2−1)/8
(
p − 1
2
)
!
)
.
4. New congruences for Bell numbers
With a = 1 and p = p(1)= 1+ 2p + 3p2 + · · · + (p − 1)pp−2, we obtain the “trace
formula” of Barsky and Benzaghou [1]:Bm=−Tr(ϑm−1−p )Bp in Fp (for a primep = 2).
Radoux [4] has found in Fp a maximal sequence of p − 1 consecutive zero Bell num-
bers and a maximal sequence of p consecutive identical (nonzero) Bell numbers. Kahale
rediscovered these results 15 years after him [3]. Some new interesting sequences can be
obtained by permuting in a cyclic way the digits in the p-adic expansion of p: formally,
we consider the map
	 : a0 + a1p + a2p2 + · · · + ap−1pp−1
−→ a1 + a2p + a3p2 + · · · + ap−1pp−2 + a0pp−1.
It is a permutation of the set {0, 1, . . . , pp − 1}, for which the multiples of p = 1+ p +
p2 + · · · + pp−1 (modulo pp − 1) are ﬁxed points.
Theorem 6. For m ∈ {0, 1, . . . , p − 1} and n= 0, 1, . . . , p − 1+m, we have
B	mp+n ≡
{ n
m
}
Bp modpZ.
To prove this assertion with the trace formula, we need an intermediate result.
Proposition 7. WehaveTr((ϑ)n−1)=0whenever p does not dividen1 and if we canwrite
n ≡ n0+n1p+· · ·+np−1pp−1(modp) with a digits sum Sp(n)=n0+n1+· · ·+np−1
less than or equal to p − 2, then Tr(ϑn)= 0.
Proof. The obvious relation (ϑ)n = (ϑ− n+ n) · (ϑ− 1)n−1 = (ϑ− 1)n + n(ϑ− 1)n−1
shows that Tr((ϑ)n) = Tr((ϑ − 1)n) + nTr((ϑ − 1)n−1) and we conclude by noting that
Tr((ϑ− 1)k)= Tr((ϑ)k) for every integer k0. The second assertion comes simply from
the fact that ϑn=ϑn0(ϑ+ 1)n1 · · · (ϑ+p− 1)np−1 can be written in the Pochhammer basis
in the form 0 + 1(ϑ)1 + · · · + Sp(n)(ϑ)Sp(n). 
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This gives the sequence of p − 1 consecutive zeros for the Bell numbers in Fp. In fact,
with the generalized trace formula, we have (in Fp)
Bp(a)+n(a−1)= 0 for all n= 1, 2, . . . , p − 1, p + 1, . . . , 2(p − 1)
for any unit a ∈ Fp. We are now able to prove the theorem.
Proof. We can observe (it is sufﬁcient to see it only for m= 0) that
	m+1p − 	mp ≡ −pp−m−1 modp.
Then for m= 0, 1, . . . , p − 1, we have
	mp−p ≡ p−pp−m − pp−(m−1)− · · ·−pp = 1+p + p2+ · · · + pp−m−1 modp
and for convenience, we note s = p − m − 1. The theorem comes directly from the trace
formula and the identity (in Fp)
Tr(ϑn+p+p2+···+ps )=−
{
n
p − 1− s
}
=−
{ n
m
}
for any s∈{0, 1, . . . , p−1} and n∈{0, 1, . . . , 2p−2−s} (i.e. for any m∈{0, 1, . . . , p−1}
and n ∈ {0, 1, . . . , p − 1+m}). Indeed, we expand ϑn in the Pochhammer basis
Tr(ϑn+p+p2+···+ps )=
n∑
k=0
{n
k
}
Tr(ϑp+p2+···+ps (ϑ)k)
and as ϑp
l = ϑ+ l in Fp[ϑ], we can write
Tr(ϑn+p+p2+···+ps )=
n∑
k=0
{n
k
}
Tr((ϑ+ 1)(ϑ+ 2) · · · (ϑ+ s)(ϑ)k)
=
n∑
k=0
{n
k
}
Tr((ϑ+ s)s+k)=
n∑
k=0
{n
k
}
Tr((ϑ)s+k).
By choice of n and s, the above proposition shows that the traces arising in the last sum
are zero except perhaps for k = p − s − 1 = m, and for this case, we have the relation
Tr((ϑ)s+k)= Tr(ϑp−pp−1)= Tr(ϑ−pp−1)= Tr((ϑ+ p − 1)−1)= Tr(ϑ−1)=−1. 
Applications (see Kahale [3] and Radoux [4]).
• With m= 0, we get an explicit sequence of p − 1 consecutive zeros in Fp:
Bp+1 ≡ Bp+2 ≡ · · · ≡ Bp+p ≡ 0 modpZ.
• With m = 1, we get a sequence of p consecutive identical Bell numbers in Fp: as{
0
1
}
= 0 and {n1}= 1 for n1, we have
B	p ≡ 0 and B	p+1 ≡ B	p+2 ≡ · · · ≡ B	p+p ≡ Bp modpZ.
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• Taking m= 2, we obtain in the same way
B	2p ≡ 0 and B	2p+n ≡ (2n−1 − 1)Bp modpZ for n= 1, . . . , p + 1.
• For n=m+ 1 with m ∈ {0, 1, . . . , p − 1}, we get
B	mp+m+1 ≡
m(m+ 1)
2
Bp modpZ.
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